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LOGARITHMS



INVERSE OF EXPONETIATION

if y = 10" then x = log,, y. This is read as “z is the (base 10)
logarithm of y.

Example 1 (Powers of 10 & log, )

100 = 102, 2 = log,,(100)
10 = 104, 1 = log,,(10)
1=10°, 0 =log,,(1)
1/10=10"", —1=1log,,(0.1)
1/100 =102, —2 =1log,,(0.01)



PROPERTIES OF EXPONENTIATION



INTEGER EXPONENTS: DEFINITIONS

Definition 2 (Integer exponents)

. 1 whenn =0
b-b" 1 otherwise

Definition 3 (Also integer exponents)

o 1 whenn =0
otherwise

Those two definitions are equivalent, but the first is easier to
use when n > 0 and the second is easier to use when n < 0.
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INTEGER EXPONENTS: DEFINITIONS

Definition 2 (Integer exponents)

Modern Cryptography
I—Properties of exponentiation

I—Integer exponents: Definitions

You can’t understand properties of logarithms without understanding
properties of exponentiation.



INTEGER EXPONENTS: USING THE DEFINITIONS

Example 4
Using definition With b = 10

10°=1

108 =10-10°=10-1=10

102 =10-10* =10-10 = 100
1071 =10°/10 = 1/10 = 0.1
1072 =10"1/10 = 0.1/10 = 0.01



PROPERTIES OF EXPONENTIATION

Addition bp™ = pntm
Subtraction L = e
Multiplication o™ = ()" =b™
Table 1: What we do in the exponents: We add exponents instead of
multiplication the base realm.



FRACTIONAL EXPONENTS

Recalling that ™6™ = b™ ™ we wish so solve for z in 222% = 2.

21 — 9TOT _ 2I+CE

l=ax+=x
x=1/2

2= (24)(2})
25 = /2

In general b= = ¥/band b% = b™ V/b.



PROPERTIES OF LOGS

Logarithms are exponents. So what we can do with exponents
we can do with logs.

Base realm Exponential realm Example
Ty log(z) +log(y) 100 - 1000 = b'oes(100)+log; (1000)
z/y log(z) —log(y)  100/1000 = b'oes(100)—log; (1000)
xY ylog(m) 103 — bSIOgb(lo)

Table 2: Properties of logarithms: Logs turn multiplication into
addition, division into subtraction, and exponentiation into
multiplications.



PROPERTIES OF LOGS: EXAMPLES WITH b = 10

100-1000 = 10'9810(100)+10g,5(1000)  _ 10243  — 105  — 100000
100/1000 = 101°810(100)-1og;4(1000)  — 72-3 = 10-1 =0.1
103 = 103181010 =101 =10* =1000



PROPERTIES OF LOGS: EXAMPLES WITH b = 2

100 - 1000 = 210g2(100)+10g2(1000) ~ 96.6449.97 916.61 _ 100000
100/1000 _ 210g2(100)710g2(1000) ~ 96.64-9.97 93.32 =0.1
103 _ 2310g2(10) — 93:3.32 ~ 9967 = 1000



We will use “log” to mean either base 2 logarithms or when we
don’t care about that base. We will use “In” for the natural

logarithm.
base explicit school math/physics crypto
10 log,, log log,, log,,
e log,, In log, In In
2 log, log, lg log
Don't care log log log log

Table 3: What “log” means to whom. In US high schools it typically is
used for base 10. Elsewhere it is for the natural logarithm. In
cryptography and information theory it is typically base 2.
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